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Abstract 


In this paper we use computational method based on operational point 
of view to prove a new generating function for exponential polynomi¬ 
als. We give some applications involving geometric polynomials, Apostol- 
Bernoulli and Apostol-Euler numbers of higher order. We obtain gener¬ 
alized recurrence relations and explicit expressions for these polynomials 
and numbers. We also study some special cases. 
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1 Introduction, Definitions and Notations 

The exponential polynomials, defined by 



where {R is Stirling numbers of the second kind, were first studied by Grunert 
|23] . with the operational formula 


{xDfe^ = (^„{x)e=^, {xD) = x-^. 


These polynomials also appear in Ramanujuan’s unpublished notebooks. He 
obtained the exponential generating function of (/>„ (a;) as 



( 2 ) 


1 


and proved the relation 


(j)n+l {x) = X 



(x) + (x 


(3) 


We refer to [4l[3[8l|9l[T8l|24l|38l|39] for details of these polynomials. In particular 
(j)n (1) are known as exponential numbers (or Bell numbers) bn, defined by ([U 

n HU [n I3S]) 

= (4) 

Geometric polynomials are defined by 


Wn 



(5) 


These polynomials are related to the geometric series as follows 


{xDY 


oo 


1 — X 




= > ' k’^x'^ = 


1 — X 


I — X 


kl < 1. 


We refer to [i ns [ni m m nn for details of these polynomials. By setting 
a; = 1 in ([S one can obtain geometric numbers (or ordered Bell numbers, or 
Fubini numbers) ?n„ as 


Fn = Wn ( 1 ) = ^ 


fc =0 


kl. 


( 6 ) 


([HI mm]). 

Geometric and exponential polynomials are connected by the relation ([5]) 


pOO 

Wn (x) = (j)n (xX) e~^dX. 

Jo 


(7) 


Thus one can derive the properties of Wn from those of </>„. For example, © 
can be used to obtain the exponential generating function for the geometric 
polynomials 


1 ^ -j-n 

^ ^ n=0 


( 8 ) 


Furthermore as a natural generalization of geometric polynomials, Boy- 
adzhiev [8] obtain a general class of geometric polynomials as 


^,a (x) — y ( 




nl /a + k — 1 


using the operator 

(xDr ' ^ 


(i-xY 


(l-x)' 


jW„ 


1 — X 


k\x^ 


Re (a) > 0, |a:| < 1. 


( 9 ) 
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Therefore, the relation 


Wn (x) = Wn,l (x), n £ N U {0} , 

follows directly. 

The generalized Apostol-Euler polynomials of higher order are defined by 
means of the following generating function 

= (|t|<|iog(-A)|), (10) 

Some particular cases of (a;; A) are 

£;(“) (x) = {x; 1) and = £;(“) (0) = (0; 1), 

£n {x; A) = {x; A) and (A) = £^^'> (0; A), 

En (x) = f (1) {x; 1) and E„ = (0) = £^^^ (0; 1), 


where E^'^ (x), E^\ £n (x; A), £n (A), i5„ (x) and En denote Euler polynomi¬ 
als of higher order, Euler numbers of higher order, Apostol-Euler polynomials, 
Apostol-Euler numbers, classical Euler polynomials and classical Euler numbers, 
respectively. Comparing (|S]) and m one can obtain 


Wn 



= En 


( 11 ) 


The generalized Apostol-Bernoulli polynomials 
are defined by means of generating function |32j 


(x, A) of higher order 


Ae* - 1 


j.n 

n—0 


( 12 ) 


where \t\ < ir when A = 1; |t| < |logA| when A ^ 1. As special cases we write 

(x) = (x; 1) and (0) 

Bn (x; A) = (x; A) and Bn (A) = B^^^ (0; A), 

Bn (x) = (x; 1) and = Bn (0) = B^^^ (0; 1), 


where B^^ (x), bI^\ Bn (x; A), Bn (A), Bn (x) and Bn denote Bernoulli poly¬ 
nomials of higher order, Bernoulli numbers of higher order, Apostol-Bernoulli 
polynomials, Apostol-Bernoulli numbers, classical Bernoulli polynomials and 
classical Bernoulli numbers, respectively. 

Apostol-Bernoulli numbers Bn (A) have the following explicit expression 
Eq. (3.7)] 
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Thus comparing the above equation with ([S]) , Apostol-Bernoulli numbers can 
be expressed by geometric polynomials as f[l0]l 

^ec\{l}. (14) 

We can observe from (ED and m that to study the properties of geometric 
polynomials is vital for gaining the known and unknown properties of Bernoulli 
and Euler numbers which have important positions in number theory. 

The starting point of this study is the formula ([3]), which can be written as 

4>n+l (x) = M(f)n (x) , 

where M = [x + xD). The operator M can be considered as a rising operator 
acting on the polynomials </)„ (x). Thus tpn (x) can be explicitly constructed the 
action of M" on {x) = 1 as 

(x) =M"{1}. 


From this motivation we introduce an operational formula for an appropriate 
function f as 

^"/ (^) = X! ( f ’ 

in order to give a direct proof of generalized recurrence relation 

4^n-\-m (^) — 

fc=0 j=0 ^ J 

and to obtain a new generating function for exponential polynomials. Because 
of the close relationship with exponential polynomials, we consider the general 
geometric polynomials Wn,oL (x ), and obtain a generating function as 


CXD 

E 

n=0 


'^n+m,a (^) , — 

n! 


1 


1 — a; (e* — 1) 


'Wm,a 


xe 


1 — a; (e‘ — 1) 


With the help of this generating function we arrive two conclusions. First we 
obtain relations between Wn,a (x) and Apostol-Euler, Apostol-Bernoulli num¬ 
bers of higher order which generalize the equations ED and (ED . Then we get 
a generalized recurrence relation for general geometric polynomials 


ui+m = E E 

k—0 j—0 


k-i 
k 


(x ). 


Dealing with recurrence relations of Apostol-Euler and Apostol-Bernoulli num¬ 
bers of higher order, which are in particular useful in computing special values of 
these numbers is considerably important and studied by many mathematicians 
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(see [131 HU uni UHl HH ISH ISSl ISS ISH)- Therefore, the connections between 
'Wn,a (x) and these numbers enable us to obtain generalized recurrence relations 
for Apostol-Euler and Apostol-Bernoulli numbers of higher order. We also give 
new generating functions of these numbers. Furthermore we deduce their spe¬ 
cial cases involving Euler and Bernoulli numbers of higher order, Apostol-Euler 
and Apostol-Bernoulli numbers and classical Euler and Bernoulli numbers. 

The organization of this paper is as follows. In section 2 we examine 
4>n+m {x) for n,m G N U {0}. We give a different proof for (ITSl) and obtain 
a new generating function. In section 3 we deal with general geometric poly¬ 
nomials, Apostol-Euler and Apostol-Bernoulli numbers of higher order and find 
new generating functions and recurrence relations. 

Now we state our results. 


2 An Operational Formula and Its Results for 
Exponential Polynomials 


In this section we obtain an operational formula involving exponential polyno¬ 
mials and a new generating function of these polynomials. First we give the 
following theorem. 


Theorem 1 The following operational formula holds for an appropriate func¬ 
tion f: 

where M = {x -\- xD). 


Proof. Proof follows from induction on n. Assume the statement holds for n; 
that is, 

^"/ (x) = ^ ffn-k {x) {xD f f (x). 

We need to show that this is true for n 1. 


M"+V (a;) = MM”/(a;) 

^ X! fr) X(j)n-k (x) {xDf / (x) -b ^ (xD) (fn-k {x) {xOf f (x) 


Using m we have 

M"+V(a;) 


fc =0 


n / \ n-hl / \ 

= X! (*) + X] ” 1 j (2^) / (*) 

n 

= (fn-ei (x) + (xD)'^~^^ f(x) + J2 


k=l 


fc- 1 


(fn-hl-k (x) (XB) f {x) . 
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Finally using the well-known binomial recursion relation 



gives the statement is true for n -I-1. ■ 

Setting / (a;) = (pm (x) in (1161) and using the definition of exponential poly¬ 
nomials given by o we get the following dentity which also occurs in [6l[9l[22]. 

Corollary 2 For n,m G N U {0} , 

4^n-\-m (^) = EE: 7 r-’^x^Pk {x). (17) 

fc=o1=0 V / f 7 J 

We note that setting x = i,m coincides with the formula which was given 
by Spivey ([33]) for the Bell numbers. 

A natural question is to find the generating function for 4>n+m (x) ■ To answer 
this we need the following theorem. 


Theorem 3 Let 

OO 

5 ( 2 ^) = E 

k^O 

be the formal series expansion of g (x). Then we have 

e*^g{x) = . 

Proof. Acting the operator to g (x) we get 


e^^g 


(“^) = E E 3 "’ 


CkX . 


n=0 


For / (x) = x^, (fT31) and (fT31) show that 


e*^g {x) = ^ (a;) 

n\ 

.n—O 

= e<^'-^)g{xe^) . 


e^ 4 e 

.k—O \m—0 




(18) 


(19) 


For a use of this operational formula, we set g {x) = pm (x) in (ITSl) . Then 
we obtain the following theorem which gives a new generating function for the 
exponential polynomials. 

Corollary 4 For m € N U {0} , the exponential polynomials have the following 
generating function 

-f-Ti 

y] (a:) — = (a;e‘) , t S C. (20) 

n=0 
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Since (f>o [x) = 1, (EOl) reduce to obtained by Ramanujuan. Moreover 
setting X = 1 and t = kiiv {k € Z) in (l20l) we get the value of infinite summation 
of Bell numbers 


OO 

^ ^ ^n+m 
n—0 


(kiw)’^ 

n! 


bm , if k even 
e~^bm , if k odd 


where bm is the complementary Bell numbers (or Uppuluri-Carpenter numbers) 

mmm)- 


3 Applications to the Related Polynomials and 
Numbers 


In this section we give some applications of (1^01) for several polynomials and 
numbers, which are closely related to (pn {x). 

Formula © can be extended to the integral representation 

Wn,a{x) = —-^l \°‘~^4'n{xX)e~^dX, (21) 

r [a) Jo 

which is verified immediately by using o, dSD and Euler’s integral represen¬ 
tation for the gamma function. Thus the exponential generating function for 
general geometric polynomials can be found by writing (1201) in the form 

^TL 

Y, <t>n+m (xX) - = (xAe‘) , 

n—0 

then multiplying both sides by and integrating for A from zero to 

infinity. In the view of m this gives 

in -I poo 

Y Wn+m,a {x) — = (xXc*) dX, 

^ n! r{a)Jo 

and this equation leads the following result by a simple change of variable. 


Theorem 5 IFe have the following generating function: 


OO 

^ ^ VJn+m^OL 
n—0 


{x)- 

n\ 


1 


1 — a; (e* — 1) 


VJm,a 


xe 


1 — a; (e‘ — 1) 


where m £ N U {0} and a £ C with Re (a) > 0. 


For a = 1 in the above theorem we have the following generating function 
for Wn (x). 
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Corollary 6 We have 


1 


xe* 

1 — a; (e‘ — 1) 


( 22 ) 


j.n 

Wn+m (x) — = 


n=0 


n! 1 — a; (e* — 1) 


Wr, 


Since Wq (x) = 1 ( 1 ^ reduce to m obtained by Boyadzhiev. Also, for 
m = 0, we have tco.a ( 2 ;) = 1; which leads the following generating function for 
the general geometric polynomials as 


Wn,a (x) — 
n\ 

n=0 


(_^_ 

\ 1 — a; (e* — 1 ) 


a 


(23) 


which is also given in f[20]l by different way. 

From now on we use the notation (x) instead of Wn,a (x) since (l23l) has 
some similarities with the generating functions of to the generalized Apostol- 
Bernoulli and Apostol-Euler numbers of higher order, for example 

= (24) 


and 


AeC\{l}anda = ZGN. 

(25) 

Therefore one can derive properties of generalized Apostol-Bernoulli and Apostol- 
Euler numbers of higher order from general geometric polynomials. Moreover 
setting a = A = 1 in (IMl) and Z = 1 in (P51) we have (1111) and da respectively. 

Now we state some applications of Theorem [SJ First we have the following 
corollary. 


Corollary 7 We have the generating functions for Apostol-Euler and Apostol- 
Bernoulli numbers of higher order as: 




E 

n—O 


n -\- m 1 

I 


n—0 
-1 


B'. 


(0 

n+m+/ 


(A)- = d 
n\ 


Ae* + 1 
1 




/ -Ae‘ 


Ae* - 1 


fi) 


\ Ae* -I-1 
-Ae* 


Ae* - 1 / ■ 


(26) 

(27) 


Setting A = 1, a = 1 and A = a = 1 in (1^ we have the following generating 
functions for Euler numbers of higher order, Apostol-Euler numbers and classical 
Euler numbers 













n=0 


) L_ 

!.! \^e 

t” 2 


n+m 


e‘ + 1 


w. 


(a) 


E ^n+m (^) , — 


-m 


n=0 


n! Ae* + 1 ™ V Ae* + 1 / 


—e 

e* + 1 
-Ae‘ 


2 

E En-\-m T ~ ^ r'^rj 

77,' 


n=0 


' n! e* + 1 


—e 

?Tiy ’ 


respectively. Similarly, setting appropriate parameters in (1271) we have the fol¬ 
lowing results for Bernoulli numbers of higher order, Apostol-Bernoulli numbers 
and classical Bernoulli numbers 


E 

n=0 


n -I- TO -I- ^ 




(0 




= n 


1 


w. 


(0 


E 

n—O 

CO 

E 

n—O 


n+m+lnl --yet-l 

Bn+m +1 (A) t" 1 / -Ae* 

n -I- TO -I-1 n! Ae* — 1 1 — 1 


—e 

e* — 1 


Bn-l-m-l-l _ 1 

n m 1 n\ e* — 1 


Wr7 


1 — e* 


respectively. Finally, for t = ztt in (l26ll and ((27ll we have the values of infinite 
summation for Apostol-Euler and Apostol-Bernoulli numbers of higher order 




(~2) fm 1 


E 

n—O 


n + m + l 
I 


n—0 
-1 




(0 

n+m+Z 


(A) 


{iTrY 


l\ 

-1 

'Y 


sE (A)> 


(A). 


Similarly for t = 2i7r we have 


f;bAw^ = 4">(A) 


i: 


n -|- TO + / 

I 


n—0 
-1 




The second application of Theorem [S] is given in the following theorem. 

Theorem 8 We have the following generalized recurrenee relation for general 
geometric polynomials 


w, 


iE (3=) = E E 

k—0j—0 


toI fn\ f a + k — 1 


^ (a;), (28) 


where n, to G N U {0}. 
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Proof. Using © in (1^^ , we have 


n=0 


I] Wnlm (^) ^ = E 

fc^O 
m 

= E 

fe=0 
oo 

= E 


toI /a + fc — 1 


m'l /a + fc — 1 






1 


1 — a; (e* — 1) 


cx-\-k 


^kt 


•Sr^ (a+k) , N 

E^a (^)-T 

j=o ■'' 


E 

n=0 


fc"U 


n=0 


EE 

i=o 


m'l /n\/a + fc — 1 


^ J Vi 




(x) 


n! 


Comparing the coefficients of ^ gives the desired equation. ■ 

We note that Equation (l2^ is also given in ([20]) however the proofs are 
different. Moreover for n = 0, (l28l) reduces to ®. Other results which can be 
drawn from Theorem |5] can be listed as follows. First we deal with geometric 
polynomials. Setting a = 1 in (1281) we have 

m n f '> / \ 

(*) = U U |T| ( ) (=:) ^ 

k=oj=o ^ J VJ/ 

Then using m in the above equation we get the following corollary. 

Corollary 9 The following explicit expression holds for geometric polynomials 


Wn+m (a^) = E E E 

k—0j—0 2—0 




(29) 


where n, m G N U {0} . 


Setting x = 1 in (1^^ yields an explicit expression for the geometric numbers 


as 


m n j 

k—0j—0 2—0 






(30) 


For n = 0 or m = 0, o reduces to ®. 

Now we mention the results for generalized Apostol-Euler numbers of higher 
order. Setting x = in (1^ and using (1^ we have the following corollary. 


Corollary 10 The following generalized recurrence relation holds for Apostol- 
Euler numbers of higher order 


S, 


(a) 

n+m 


(A) = 


EE 

k—0j—0 


q; + fc — (~A)‘ 

k 


klk'^ ^ p(a+/c) 


2k 


(A). (31) 


10 











For the natural consequences of the above corollary, setting A = 1, a = 1 
and A = a = 1 in (EB we obtain the following generalized recurrence relations 
for Euler numbers of higher order, Apostol-Euler numbers and classical Euler 
numbers 


= E E 

fc—0i—0 
m n 

k—0 j—0 
m n 

EE 

k—Oj—0 


m \ I n 

fcj u 

ml / n 

ml /n 

fcj u 


/a + fc — lA /dfc" ^ 
\ k ) (_2)'= 

2k ^3 

(eHEI 

2k ^3 


p(a+fe) 

^3 

(32) 

(A), 

(33) 


(34) 


respectively. 

Remark 11 Ifn = 0in (1511) and if we use (A) = 2“ (A + 1)~“ , we get the 
following explicit expression for Apostol-Euler numbers of higher order 


4“’ (A) 


^\fcjV k y(A + i)“+'' 


(35) 


Furthermore, for A = 1, a = 1 and A = a = 1 in (13511 we obtain explicit expres¬ 
sions for Euler numbers of higher order, Apostol-Euler numbers and classical 
Euler numbers as 



respectively. We refer [1^ for details. Besides, (l3^ is also given by m by 
different mean. 


Finally we mention the results of Theorem|8]for generalized Apostol-Bernoulli 
numbers of higher order. Setting x = in (l28ll and using (l25ll we have the 
following corollary. 


Corollary 12 The following generalized recurrence relation holds for Apostol- 
Bernoulli numbers of higher order: 


gjE+z (A) 

(n+m+i); 


EE 

k—Oj—0 


l -\- k -\- j 
j 




l + k 


(39) 
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Setting A = 1, Z = 1 and A = ^ = 1 in (IMl) we obtain generalized recurrence 
relations for Bernoulli numbers of higher order, Apostol-Bernoulli numbers and 
classical Bernoulli numbers 


old 

'^n+m+Z 

^n+m+l ('^) 

(n + m + 1) 

^n+m+l 

(n + m + 1) 


EE 

fc—0 j—O 
m n 

EE 

k—Oj—0 
m n 

EE 

k—Oj—0 


m\fn'\fl + k+j\^ ^ ^(i+k) 


^ j \j 


l + k 


l+k+j I 


(40) 


m\fn\fk + j + l\ ^(-A)^fc" ^ ^(fc+i) 


(41) 




fc + 1 


i+fe+i’ 


(42) 


respectively. Besides, for n = 0 in (gOl) we have a recurrence relation for 
Bernoulli numbers of higher order involving Bernoulli numbers of higher order 
in the following corollary. 


Corollary 13 Bernoulli numbers of higher order hold 


p(0 _/ 

^m+l — ^ 


m +1 
I 


E 


m\ (-10_W (i+fc) 

{I + k) 


(43) 


Applying Stirling transform (see m for details) to (IlSp we have another 
recurrence relation as 


B 


(m+z) _ {I + rn) 


m-\-l 


lU 


E(-i)^ 


k=0 


k + l 
I 


B 


(0 

fc+Z- 


It is good to note that for Z = 1 in 


we get 




(m+l) _ m + 1 


m+l 


E(-1)^ 

fe=0 


B, 


k+l 


k + V 


(44) 


(45) 


which is the special case of the formula given by Ndrlund in [5^ . 

Remark 14 For n = 0 in (I39p we obtain a recurrence relation for Apostol- 
Bernoulli numbers of higher order 


B. 


(b 

m+Z 


(A) = Z 


m + I 


E 




(46) 


Replacing m + I with n and setting (A) = 
explicit representation 


, k in we obtain the 

(A—1) 


' 'n-l\(l + k-l\ {-\fk\ 


k=0 


(A-1) 


Z+fe ’ 


(47) 


which is given by Srivastava et al in \32[ Eq. (27)]. Moreover Apostol’s formula 
m is a special case of the formula 0 when n = 0 and 1 = 1. 
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As we mentioned before, calculating the values of the Apostol-Euler and 
Apostol-Bernoulli polynomials of higher order is an active working area. In 
order to give effective calculation formulas for these polynomials we first need 
the following proposition. 


Proposition 15 We have the following generalized recurrence relations: 


f{a) 


(A) = E 


b: 


,(0 

n+m+Z 


(A) 


^n+m+/^ 




= E 


ml fa-\-k — l\ /—A 




m\(n + l + k\ 1{-X) fk+i) ,, ,, 


Proof. From (jH]) we can write (IMD as 


ECE(a)^ = E 


71 = 0 




m'\ /a + k — iXkl (—A) 

/fell k ) ¥ 


Ae* + 1 


Oi-\-k 


^kt 


(48) 

(49) 


Using in the last part of the above equation we get 


i:ci,(A)^=E 


71 = 0 


fc =0 


a + fc — 1\ fc! (—A) 


\k oo 


2k 


■E^> 

71=0 


(a+fe) 


(fc;A) 


n \’ 


Comparing the coefficients of ^ we get the desired equation (H51) . 

Equation can be proved the same method by using (IT^ . ■ 

Equations (l35l) and (l46l) are the special case n = 0 of the Proposition [T^ 
Now it is better to improve the equations (l4^ and (l4^ as generalized recurrence 
relations for these polynomials by induction in the following theorem. 


Theorem 16 We have the following generalized recurrence relations for Apostol- 
Euler and Apostol-Bernoulli polynomials of higher order: 


4“+™) (m; A) = (“+™) (a; A’^) 


771 


iee 

ml 

\71 + 771 + Z 


a m — 1 
m 


E(-i)^ 


fe =0 


ci.^) 

''n-\-k 


(A): 




/-I \71 + 771 + f 

,(m+l) f _ I -*-1 _l5(™+0 fl. \—It 


^n+m+Z 71+771+Z 

{I + m) f n -\- m 1 


i{-xy 


I 


E(-i)^ 


fc =0 


n -\-1 -\- k 
I 


(50) 


(51) 


b: 


(0 

Tl + Z + Zc 


(A), 


where n, m £ N U {0} , Z £ N, A £ C\ {0} , a £ C such that Re (a) > 0. 


Proof. For m = 1 in (H5)) we have 

f(“+b(l;A)=2A-iQ fi“\(A) 


1' 

1 


2(-A)”“^ 



(52) 
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Using (15^ for TO = 2 in we get 


4“+2) (2;A) = 


2 ! 


-1 


(A) - 


£i% (A) }. (53) 


Apostol-Euler polynomials of higher order satisfy the recurrence relation [2TlU(j.(1.16)] 


(x + 1; A) = (x; A) - 4+i A) • 


Thereby, setting x = to, and a + to for a we get 
^^a+m+l) + 1; A) = 4“+"") (to; A)-^ 


(a + to) A "■ ’ (a + to) A 

Multiplying both sides of (1501) by we get 

V m+1 


(m;A). 
(54) 


£:^+™)(to;A)= 


(a + to) a 


(to + 1)! \to + 1 


a + m 




m 


/c=0 


(.(a) 

"'n+fe 


(A). 

(55) 

Moreover taking n + 1 for n in (l50l) and multiplying both sides by 
have 


(a + to ) a 


/ . \ -1 m+1 r 

£;fo+™)/ to-A) - + 

t„+i lm,Aj- Vto+iJ ^ L 


m 

k-1 


4“+Ea)- 

(56) 

Subtracting (l56l) from (l55l) , using the well-known recurrence relation for Stirling 
number of the first kind 


TO -I- 1 
k 



TO 

k-1 


(57) 


and the identity [28] 


(a-:,;A) = 1^4“) (x;A-i), 

we have the statement is true for to -I- 1. 

Equation (EID can be proved by the same method by using the following re¬ 
currence relation for Apostol-Bernoulli polynomials of higher order [OO] Eg. (62)] 

(x -I- 1; A) = nxB^^i (x; A) -|- (a — n) (x; A). 


Now we mention some special cases of Theorem [151 for Apostol-Euler and 
Euler polynomials of higher order. Eor A = 1 we have a recurrence relation for 
Euler polynomials of higher order involving Euler numbers of higher order as in 
the following corollary. 
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Corollary 17 We have 


(m) = (-1)" (a) = 


(2)^ 


m ) 






(a) 
n+fe' 


(58) 


Setting 0 = 1 and a = A = 1 in dlol) we have recurrence relations for 
Apostol-Euler polynomials of higher order and Euler polynomials of higher order 
involving Apostol-Euler and classical Euler numbers 


(m; A) = (l; A'l) = (-1) 


fc=0 


/rt\m m 

(m) = (-1)" (1) = ^ (-1) 




^n-\-k j 

(59) 

TTl 

En+k, (60) 


respectively. We also obtain closed form for some finite summations from The- 
orem[T6l Setting (x; A) = 2“ (A + 1)~“ in ([50|) we have 




/c=0 


4“^ (A) = 


2“A"*m! fa + m — 1 


(A + 1) 


a+m 


m 


Furthermore for A = 1, a = 1 and A = o = 1 (1611) we obtain 

m 

E(-i) 


/c=0 


(a) _ m!/a + m- l 

- 2m 


m 


k^O 


E(-i) 

) 

771 

E(-i) 


£k (A) = 


2A™to! 


(A + 1) 


m+1 ’ 


/c=0 


p - E 

k 2m ’ 


(61) 

(62) 

(63) 

(64) 


respectively. It is good note that the above finite summations can also be 
obtained by applying Stirling transform to the identities in Remark 1111 

Now, we mention some special cases of Theorem [16] for Apostol-Bernoulli 
and Bernoulli polynomials of higher order. For A = 1 we have the following 
recurrence relation for Bernoulli polynomials of higher order involving Bernoulli 
numbers of higher order. 


Corollary 18 We have 




(m) 


(_^Yi+m+l jy(m+l) 

y ^n+m+l 

[I + m) f n + m + I 

I I I 


E(-E 




n 1 k 
I 


d(0 


(65) 
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Setting I = 1 and A = Z = 1 in (ICT) we have following recurrence relations for 
Apostol-Bernoulli and Bernoulli polynomials of higher order involving Apostol- 
Bernoulli and classical Bernoulli numbers 


(rn) 


/-I sn+m+l 

1 , _n 

yn+m+1 J 

(m+l) (n + m+l) 


(- 1 ) 


(-A)^ 

n+m+l rD(m+l) 






/-.A 

-^n+m+1 \^) 


(m + 1) (n + m + 1) ^ (-1)* 


fc=o 




'n+fe+1 


(A) 


n + fc + 1 


-Bn+fc+l 

n + A: + 1 ’ 


( 66 ) 


(67) 


respectively. Moreover for n = 0 setting A) = (m + Z)! (A — 1) ™ * in 

m we have the following finite summation 






m 

k 





Z(m + Z-l)!(-A)’" 
(A - 1)™+' 




( 68 ) 


Thus for Z = 1 in (|68|) we have 




ml Bk+i (A) 
k k + 1 


mlj-Xr 

(to + 1) (A - 1)"*+^ ■ 


The above finite summations can also be obtained by applying Stirling transform 
to the identities in Remark [TH Besides, for n = 0 in (1651) we have 


j(m+i) / X _ / w xm+i _ (^ T T ^ 


(to) - (-1) (Z) - 


When we compare (1441) with (IM)) we obtain 

Replacing to + Z with n gives 




fc =0 


TO + Z 

z 


(n - Z) = (-1)" rW (Z) = (n - Z)!R^ 


m\B, 


{m+l) 

m-\-l 


i + k 
i 


B 


(69) 


(0 

i+fc- 


(70) 


Furthermore for Z = 1 we have 

= „>i. (71) 

To the writer’s knowledge, this relationship between and (Z) has not 

(n) 

been pointed out before. Howard deal with relationship between BX and 
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(1) and get the relations [25l Eq. (2.17)] 

(1) = and si") (1) = n!c„, (72) 

1 — n 


where Cn is the Bernoulli numbers of the second kind defined by Jordan in m- 
Also by comparing (171]) with (|77|) gives a connection as 


Cn — 



Finally, for Z = 1 in (1691) we get a recurrence relation for Bernoulli polynomials 
of higher order involving classical Bernoulli numbers as 


n(m+l) 

-Om+1 


(m) 


(_l)™+i ^ + 1) ^ 

k=0 


ml Sfc+i 
k k + 1' 
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